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                                                                                             Vector and Matrix


Vector and Matrix Operations

All multivariate statistical models have one feature in common.  All such models express the observed values on one or more variables in terms of a separate set of variable.  For example, with regression analysis, observed values on a single (dependent) variable are expressed in terms of a separate set of observed (independent) variables.  With this method, a series of equation is employed which relate the set of observed variables to be explained to the set of explanatory variables.  Matrix algebra is especially useful because it provides an extremely compact and efficient representation of systems of equations.  

Vector
· Vector: an ordered array of number, The order of the number is extremely important.  

· Vectors are not numbers; In linear algebra real numbers are referred to as scalars.  

· The symbol for a vector is a lower case letter in bold print 

· Column vector: a =  
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· Row vector: a’ = (2, 3, 1)    Small letter with a prime.  The vector a’ is the transpose of a, that is, we have changed from a column to a row.  

· (a’)’ = a
Exercise: Identify the row vectors, column vectors and scalars.  

1.   
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      2.      (2, 2, 1)        3. 0.4
Addition / subtraction of Vector 

Rule

1. Two vectors have the same number of elements

2. Corresponding elements are added (subtracted) together to form the new vector.

3. The vector must both be column and row vectors.

4. The new vector has the same number of elements as two original vectors.  

· a =  
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,   b =   
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   a + b = ?      a + b’ = ?    a – b = ?
Multiplication of Vector 

· Dimension: the number of rows and columns.  The row dimension is always given first (rows X columns).

· A vector is a special case of the matrix.  A row vector has one row and n columns, and a column vector has n rows and one column.  A vector is always a matrix even though it is a single row or column of numbers.  However, not all matrices are vectors.  

Multiplication of Vector 

Rule

1.  A row vector cannot be multiplied by a row vector.  

2. A column vector cannot be multiplied by a column vector.  
3. a’b = b’a

4. a’(b+c) = a’b + a’c

5. (b+c)’a = b’a + c’a

· a =  
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,   ( = 2,    (a = ?

· Inner product: scalar product: Scalar product results when two vectors are multiplied and where the first vector is a row vector and the second is a column vector.  

· Outer product: when the first vector is a column vector and the second vector is a row vector.  

a =  
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      b =  
[image: image7.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

1

2

1

3

       c = 
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· ab    or      a’b’ = cannot be determined.  
· a’b = 


· ab’= 

· a’(b+c) = a’b + a’c

· a’a = 
Exercise

a =  
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           b  =  
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                    a’b =                            ab’ =

Application to Statistics
x’ = (3, 4, 2)     u = Unit vector = 
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x’x = ∑x2


x’u = ∑x


x’x – 1/n (x’u)( x’u)
Matrices

· A matrix is any square or rectangular table of values; the matrix is typically enclosed by brackets.  

· The symbol for a matrix is a capital letter in bold print (in other text a matrix may be indicated by an underlined capital letter)  

· If 5 people each took 3 statistics tests, their scores can be represented by a matrix.  

                   test1     test2    test3

Subject        
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   = 5 (row) x 3 (column) matrix 

· Dimension: the number of rows and columns.  The row dimension is always given first (rows X columns).

· Square matrix: Any matrix with an equal number of rows and columns.  

· A vector is a special case of the matrix.  A row vector has one row and n columns, and a column vector has n rows and one column.  A vector is always a matrix even though it is a single row or column of numbers.  However, not all matrices are vectors.  

Exercise

Given the dimensions of the following vectors and matrices, state whether the array is a matrix or vector.  What are the dimensions?

1. A = 
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2. a’ = (1, 4, 5, 10, 20)

3. b = 
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· Each element (or “cell”) in a matrix has a double subscript that locates its position in the matrix.  The 3 x 3 matrix A:

A = 
[image: image15.wmf]
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Exercise: Find the value in matrix X for each of the following cell locations.  

X = 
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X12 = 

X34 = 

X22 = 

X24 = 

X31 = 

X41 = 

Transpose of a Matrix

· Transpose of a matrix is formed by taking the original matrix and interchanging the rows and columns.  The transpose of a matrix is always indicated by a prime over the letter that stands for the matrix.  

A 3x2  = 
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    A’ 2x3  = 
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· The transpose of a transpose is the original matrix.   (A’)’ = A

Exercise: Find the transpose of the following matrices.  What are the dimensions of the original matrix and the transpose?

X = 
[image: image21.wmf]
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I  = 
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Matrix Addition and Subtraction

· Two or more matrices may be added and subtracted if they have the same dimensions.  

A = 
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,      B =  
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A + B = 

A – B = 

Exercise

                   test1     test2    test3

Subject        
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    = X
1. For all 4 subjects, I would like to add 2 to the test 1 scores, subtract 1 from the test 2 scores, and leave the test 3 scores unchanged.  

2.  How can I find the matrix of deviation scores, D?  Deviation = raw score - mean

Matrix Multiplication

· A matrix may be multiplied by a scalar.

A = 
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,    ( = 2

(A = A( = 
· For the multiplication of two matrices, row vectors from the first matrix will always be multiplied by column vectors from the second matrix. 

· A = 
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,    B =  
[image: image29.wmf]ú

û

ù

ê

ë

é

8

7

4

5

,    
· AB = C = 
[image: image30.wmf]
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· AB ( BA
· Two matrices of unequal dimensions may be multiplied as long as they are conformable.  Matrices are conformable when the number of elements in the rows (number of columns) of the first matrix equals the number of elements in the columns (number of rows) of the second matrix.  

A 4x2  = 
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,     B2x3  = 
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AB = 

BA = A 3x2  = 
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Determinant

Given the coefficient matrix A:


If det A = 0, A is said to be singular and there is not unique solution


If det A ( 0, A is said to be non-singular and there is unique solution.

2X1 + 3X2 = 4





            X2 =  2

|A| = 2

X1 + X2 = 4

2X1 + 2X2 = 2

|A| = 0

Problems: Find the determinant for each equation system.  Does the system have a unique solution?  

1. X + Y = 2

    3X + 2Y = 0

Calculating Inverse:   A-1
Example: 2 X 2 matrix.

A = 
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Step 1: Find the determinant.

Step 2: Create a new matrix interchanging a11 with a22 and making a12 and a21 negative.

Step 3: Multiply the matrix created in step two by the reciprocal of the determinant.  

Exercise: 

Properties of the Inverse

1. If the determinant of a matrix is zero, the inverse  does not exist.

2. The inverse can only be found for square matrices.

3. If a matrix is premultiplied or postmultiplied by its inverse, the product matrix is always an identity matrix.  

A-1A = AA-1 = I

4. Inverse of a diagonal matrix is found by taking the reciprocal of each element on the principal diagonal.  
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    D-1 = 
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5. (A-1) -1 = A

6. (A’)-1 = (A-1)’

7. B-1A-1  = (AB) -1
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